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SUMMARY & CONCLUSIONS 

Non-homogeneous Poisson process (NHPP) models are 
widely used for repairable system analysis. Different NHPP 
models have been developed for different applications. It has 
been noticed that almost all the existing models apply only a 
single model for the entire system development or operation 
period. However, in some circumstances, such as when the 
system design or the system operation environment 
experiences major changes, a single model will not be 
appropriate to describe the failure behavior for the entire 
timeline.  

In this paper, we proposed a piecewise NHPP model for 
repairable systems with multiple stages. The maximum 
likelihood estimation (MLE) for the model parameters is also 
provided. 

1 INTRODUCTION 

Consider a repairable system, such as a vehicle or an air 
conditioner. Its failure process usually can be modeled as a 
non-homogeneous Poisson process. Ascher and Feingold’s 
book [1], one of the most influential books on repairable 
system analysis, discussed many research results published 
before the 1990s.  In the past several decades, different NHPP 
models have been developed for modeling different 
applications. For example, the Crow-AMSAA used by Crow 
[2] and the log-linear model proposed by Cox and Lewis [3] 
are two of the most popular ones. These two models are used 
for the cases when the failure intensity monotonically 
decreases, increases or keeps constant with time. The bounded 
failure intensity models [4, 5] are designed for the situations 
when the failure intensity has an upper bound when time goes 
to infinity. S-shaped models such as the Yamada model [6] 
and the generalized GO-model [7] are used to analyze 
software reliability where the failure intensity vs. time plot 
usually is S-shaped.  

All of the aforementioned models apply one single model 
for the entire system development or operation period. In 
some situations, however, such as when the system under 
development experiences major changes or the system 
operates under different environments, a single model may not 

be accurate enough. To overcome this drawback, piecewise 
HPP (homogeneous Poisson process) models were introduced 
for an NHPP process and the nonparametric method was used 
for the parameter estimation [8-10].  The piecewise HPP 
models assume that the failure intensity is constant within a 
given time period and would be different for different periods. 
However, this assumption is not always true. For a given time 
interval, especially for systems deployed in the field, the 
failure intensity can change with time.  

In this paper, we propose a piecewise NHPP model for 
repairable systems with multiple development or operation 
stages. If the separation or change points between stages 
cannot be identified based on engineering knowledge and have 
to be found by analyzing the data, the iteration method 
proposed in this paper can be used to estimate them. In this 
paper, the Crow-AMSAA model is applied as the base model 
for each stage. Unlike the piecewise HPP model, which 
ignores the damages from the previous stages, the damages 
accumulated from the previous stages are considered in the 
proposed piecewise NHPP model. This is different from the 
method that analyzes each stage separately.  

Two well-known methods have been used for model 
parameter estimation in repairable system modeling. One is 
the least squares estimation (LSE) and another is the 
maximum likelihood estimation (MLE). For a given NHPP 
model, for instance for the Crow-AMSAA model, it is found 
that the confidence intervals for the model parameters 
estimated from LSE are usually tighter than the confidence 
intervals estimated from MLE. One of the reasons is that in 
the application of the least squares method, each observation 
(cumulative number of failures) needs to be independent and 
with constant variance.  However, on page 85 of Ascher and 
Feingold’s book [1], it is stated that for a NHPP the 
independency assumption usually does not hold true from a 
statistical viewpoint. The dependency between the observed 
values results in the underestimation of the variability of the 
model parameters when the LSE is used. This also results in 
narrow confidence intervals for the parameters and the 
functions of these parameters such as the number of failures. 
We use the MLE method in this paper. For the MLE method, 
the conditional probability will be used in constructing the 



 

 
 

likelihood function. By using the conditional probability, the 
dependency between the observations is considered in the 
model.  

However, there are some barriers in the use of MLE. The 
piecewise NHPP model is a discrete function. It consists of 
different NHPP models for distinct time regions. This causes 
the maximum likelihood function for the overall model to be a 
discrete function too. The traditional method that uses the first 
order derivatives to get the solution for the model parameters 
cannot be applied directly when the change points are not pre-
defined. Limited research has been done on how to obtain the 
MLE solution for a piecewise function. For example, Tishler 
and Zang [11] employed a continuous function to approximate 
the piecewise linear function, then obtained analytical 
derivatives of the likelihood function from the approximated 
function to get the MLE solutions.  However, getting a 
sufficiently accurate approximated function is not an easy 
task. In this paper, a practical method is proposed for 
obtaining the change points first. Once the change points are 
obtained, a continuous likelihood function can be formed. 
Solutions for other model parameters such as the scale and 
shape parameters in the Crow-AMSAA model can then be 
directly estimated using the derivatives.  

This paper is organized as follows. In section 2, an 
example is provided to illustrate why the piecewise NHPP 
model is needed. Section 3 discusses how to build the 
likelihood function. In Section 4, parameter estimation and 
confidence intervals are discussed. Section 5 provides the 
solutions for an illustration example. Finally, we provide 
conclusions in Section 6. 

2 PROBLEM STATEMENT 

2.1 Example 

Consider a repairable system with the following failure 
data.  

Cum. 
Num. of 
Failures 

Failure 
Time 

Cum. 
Num. of 
Failures 

Failure 
Time 

1 15.70 12 141.41 
2 29.39 13 143.67 
3 41.14 14 144.63 
4 56.47 15 144.95 
5 75.61 16 145.16 
6 98.83 17 146.25 
7 112.42 18 146.70 
8 125.61 19 147.26 
9 129.39 20 148.15 

10 133.45 21 152.40 
11 138.94     

Table 1 – Failure Data for the Illustration Example 

For the data in Table 1, the cumulative number of failures 
vs. time plot is shown in Figure 1. 

In Figure 1, the points are the observed number of failures 
and the curve represents the predicted values using the Crow- 

 
Figure 1 – Failure Number vs. Time Plot 

AMSAA model, which will be discussed in section 2.2. 
Clearly, from Figure 1, one can see that the single model 
cannot fit the data well. The Cramér-von Mises (CVM) test [2, 
12] shows that at a significance level of 0.1, the model fails 
the goodness-of-fit test. The calculated CVM is 0.534, which 
is larger than the critical value of 0.172. By examining the 
curve, we can see that there are two segments with the change 
point at around 120. It will be possible to fit an individual 
NHPP model for each segment. However, these two individual 
models are not independent. They are connected by the change 
point. In the following section, we will discuss the Crow-
AMSAA model and the piecewise NHPP model.  

2.2 Piecewise Power Law NHPP Model 

The failure intensity function of a NHPP can be described 
by a power function: 

1( )t t βλ λβ −=     (1) 
where λ is the scale parameter and β  is the shape parameter. 
This model is also known as the Crow-AMSAA model [2]. 
Under this model, the cumulative number of failures is 
calculated by: 

( )N t t βλ=     (2) 
By taking the logarithmic transformation of both sides, 
equation (2) can be linearized as: 

ln[ ( )] ln( ) ln( )N t tλ β= +   (3) 
Equation (3) is a standard simple linear regression model. 
Therefore, the least squares method can be applied if the 
cumulative numbers of failures are assumed to be independent 
and with constant variance. This is the basic assumption of 
using least squares estimation. 

For the data given in Table 1, the individual Crow-
AMSAA model will be applied to each of the segments. 
Assume the change point is C. The piecewise NHPP model 
will be: 
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and the model parameters have the following relationship: 
1 2

2 1C
β βλ λ −=    (5) 

From equation (5), it can be seen that if C is known, there are 
only three independent parameters. For example, we can use 

1λ , 1β  and 2β .  If C is unknown and needs to be estimated, 
C will be an additional parameter. This is similar to the 
strategy used by the traditional piecewise linear regression 
[13].  Once we have the piecewise NHPP model, the next 
step is to estimate the model parameters. Section 3 will give 
the MLE solution.  

3 PARAMETER ESTIMATION AND STATISTICAL 
INFERENCES 

In order to use MLE, the likelihood function should be 
established first. The example in section 2 is for only one 
system. In some cases, failure data from multiple systems will 
be available. For example, several prototypes might be built in 
the development stage, or several systems might be deployed 
in the field at the same time. In the following sections, we will 
give the likelihood function for the case of multiple systems 
and then provide the closed form solutions for the case of a 
single system. 

3.1 Likelihood Function 

To make the discussion simple, let’s assume there is only 
one change point and the change point C is known. For a 
system, it  is used to denote the ith failure time. The 
probability of the ith failure is conditional on the (i-1)th failure 
time.  The conditional probability of the ith failure in segment 
1 is: 

1 11
1 1 1 1 1

1 1

( )( | ) 1 1 exp
( )

i
i i i i

i

R tF t t t t
R t

β βλ λ− −
−

 = − = − −    (6) 

where 1( )F ⋅ and 1( )R ⋅  are the probability of failure and the 
reliability at segment 1. From equation (6), the conditional 
probability density function can be obtained as: 

1 1 11 1
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i
i i i i i

i

f tf t t t t t
R t
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−

 = − =         (7) 

For the failures at segment 2, we only need to use the model 
for segment 2 to replace the model in segment 1 in equation 
(6) and (7). Assuming that the system starts at time S and ends 
at time T, the likelihood function will be: 
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where:  
• ( )if ⋅  is the probability density function for segment i. 
• N  is the total number of failures. 
• 1N  is the total number of failures in segment 1. 

Equation (8) can be expanded as: 
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  (9) 

At time C, the system reliability can only have one value. So 
)()( 21 CRCR = , thus they cancel-out in equation (9).  If the 

system end time is the same as the last failure time, the last 
term in equation (9) will equal to 1. Therefore, equation (9) is 
for both time and failure terminated situations.  

If we take the logarithmic transform of equation (9), and 
by canceling some terms, we get the log likelihood function 
as: 
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Generalizing equation (10) to multiple systems, the log 
likelihood function is: 
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where: 
• K  is the total number of systems. Kq ...1= . 
• qN  is the total number of failures for the qth system. 
• 1,qN  is the number of failures in segment 1 for the qth 

system. 
• 2,qN  is the number of failures in segment 2 for the qth 

system. 
• qS  is the start time of the qth system. 
• qT  is the end time of the qth system. 
Recall that equation (5) shows that there are only three 

independent parameters, if the change point C is given.  
Therefore, we replace 2λ  using the other parameters. 
Equation (11) then becomes: 
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(12) 

When C is unknown, it can be seen from equation (12) 
that it is not possible to get the likelihood function. This is 
because the number of failures for each segment, which is 
required in the likelihood function, is not available without 
knowing the change point. Therefore, it is not possible to 
construct the likelihood function without having C as given. In 
section 3.3, a heuristic method will be proposed for iteratively 
solving for C.   



 

 
 

Equation (12) is a continuous function for 1λ , 1β  and 2β
. So we can get the first order derivative for each parameter. 
By setting the derivatives equal to 0, the following nonlinear 
equations are obtained: 
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By solving the nonlinear equations (13-15), we can get the ML 
estimators for the model parameters.  

When all the systems start from 0 and end at the same 
time, T, closed form solutions exist. These are: 
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So far the discussion is based on the case of one change point. 
If there are multiple change points, the same methodology is 
still valid.  

Once the model parameters are estimated, the next step is 
to obtain the variance and covariance matrix for them. To get 
the variance and covariance matrix, we first need to calculate 
the Fisher information matrix [14], which is:  
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  (19) 

F is a symmetric matrix. The variance and covariance matrix 
is obtained by: 

1F −Σ =    (20) 

If there is only one system and it starts from time 0, the 
calculation will be even simpler. In section 3.2, we will 
provide the MLE solutions for a single system and also the 
confidence bounds of the model parameters. 

3.2 MLE Solutions for a Single System 

For a system that starts from time 0 and has one change 
point C, the log likelihood function in equation (12) can be 
simplified as: 
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The closed form solutions for the model parameters are: 
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The Fisher information matrix is: 
2 2

1 1
2

1

21
2

1

22
2
2

ln( ) ln( )

ln ( ) ln( ) ln( )

ln ( )

N T T TC C C
C C C

N TF N C N C
C

N TN
C

β β
β β

λ

β

β

        
    

 
 = +
 
 
 +   

  (25) 

By taking the inverse of matrix F, we can get the variance 
and covariance matrix for 1λ , 1β  and 2β .  The 2-sided 

100)1( α− % confidence bounds on model parameters can be 
obtained by: 

( )/ 2
ˆ ˆ ˆexp ( ) /CB z Varθ αθ θ θ= ±   (26) 

Where: 
• θ  is a given parameter. 
• )ˆ(θVar  is the variance of that parameter. 
• θ̂  is the ML estimator.  
• 2/αz  is the )2/1( α−  percentile of a standard normal 

distribution. 
The confidence bounds for a function of the model 

parameters can also be calculated. For example for 2λ  which 
is a function of 1λ , 1β  and 2β , its variance is: 
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Using the variance from equation (27) in equation (26), we 



 

 
 

can get the bounds for 2λ .  
The method in equations (26) and (27) is also valid for 

other functions of the model parameters such as the 
cumulative number of failures, MTBF and failure intensity. 
Their expected values can be calculated using the ML 
estimators of 1λ , 1β  and 2β  and their confidence bounds can 
be calculated using the method in equations (26) and (27). 

In the above discussion, we assume that the change point 
C is known. Sometime, it is difficult to know the exact value 
of C. In section 3.3, we will discuss how to estimate the C 
value.   

3.3 Discussion on Change Point C 

If the change point C cannot be determined upfront, the 
following procedure can be used to estimate it.  
Step 1: Plot the failure number vs. time plot in both linear and 

logarithmic scale.  
Step 2: From the plots, identify the range for C, denoted as 

[C_Min, C_Max]. 
Step 3: Set CiMinCCi ∆×+= _ . Calculate the MLE 

solution for 1̂λ , 1β̂  and 2β̂  using iC .  
Step 4: Calculate the log likelihood value using 1̂λ , 1β̂  and 

2β̂ . 
Step 5: Set 1+= ii  and repeat steps 3 and 4 until C reaches 

C_Max. 
The solution of 1̂λ , 1β̂  and 2β̂  and the value of C that 
provide the largest likelihood value will be the ML solution.  

It has been found that several local maximal points may 
exist in the search range. If it is necessary, further refined 
search with smaller C∆ should be conducted at the vicinity of 
the local maximal points.  Searching from C_Min to C_Max 
will ensure that the optimum solution in this range will be 
found. In section 4, we will use an example to illustrate how 
the C value affects the likelihood values.  

In the discussion of equation (12), we pointed that it is not 
possible to get the likelihood function because the values for  
number of failures 1,qN  and 2,qN at each stage cannot be 
determined if C is unknown. Now, let’s assume that we know 
that the range for C is from C_Min to C_Max and there is no 
failure between C_Min and C_Max. This means we know 

1,qN  and 2,qN . If this is the case, can we get the ML 
estimator for C by taking its derivative from the likelihood 
function? The answer is no.  

Recall that the log likelihood function for one system is 
equation (21).  The first order derivative for C from this 
equation is: 

2 1 2
2 1 2 1 1 2( ) ( )N T C

C C C

β β ββ β λ β β−− −∂Λ
= −

∂
        (28) 

From equation (22), we know: 
1 2 2

1N C Tβ β βλ −=  
So equation (28) is simplified as: 

2 1 2 1 2

1 2 1
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N N
C C C
N

C

β β β β

β β

− −∂Λ
= −

∂
−

=
          (29) 

By setting equation (29) equal to 0, we will have 21 ββ =  and 
there is no solution for C. This proves that using the derivative 
to get the solution for change point C is impossible. The 
heuristic method given in this section should be used to 
estimate C.  

4 SOLUTION FOR THE EXAMPLE 

In this section, we will provide the results for the example 
given in section 2.  

4.1 Estimate the Range for Change Point C 

From Figure 1, we can estimate that C is within 120 and 
140.  Using the method described in section 3.3, the global 
optimum of C is found to be 125.5999.  

To check how the likelihood value changes with C, we 
calculated the likelihood values for C values from 50 to 145. 
The results are given in Figure 2. 

 

 
Figure 2 – Ln(LKV) vs. Change Point C  

From Figure 2, we can see that there are several local 
maximal points.  

4.2 ML Estimators and Statistical Inferences 

Based on the estimated C value, using the equations given 
in section 3.2, the MLE results for the parameters and their 
standard deviations are given in Table 2. 

 

Parameter 

MLE  LSE 

Mean 
Std. 

Deviation Mean 
Std. 

Deviation 
 1λ  0.0312 0.0644 0.0675 0.0099 
 1β  1.1093 0.4193 0.9987 0.0343 
 2β  5.9601 1.5929 6.7706 0.9723 

Table 2 – MLE and LSE Solutions  

For comparison, Table 2 also provides the LSE solutions. 
As noted in the introduction section, the LSE method usually 
provides smaller standard deviations for model parameters in 
the NHPP model. This can be seen in Table 2. 

Using the information in Table 2, the confidence bounds 
for each of the model parameters can be calculated. Table 2 
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also can be used to get statistical inferences for the functions 
such as the number of failures, MTBF and the failure 
intensity, based on the model parameters. For example, we can 
calculate the cumulative number of failures and its confidence 
intervals using the procedure given in section 3. The results 
are given in Figure 3. 

 

 
Figure 3– MLE Solution: Cumulative Num. of Failures  

In Figure 3, the dashed lines are the upper and lower bounds 
for the cumulative number of failures. For comparison, the 
predicted number of failures and their bounds from the LSE 
are given in Figure 4. Using LSE, the estimated value for the 
change point is 133.878.  

 
Figure 4– LSE Solution: Cumulative Num. of Failures  

4.3 Goodness-of-Fit Test 

Since the individual failure times are known, the Cramér-
von Mises statistic is used to test the null hypothesis that the 
piecewise NHPP model with power law failure intensity 
functions can describe the failure behavior well. It is known 
that for a single NHPP model, the CVM goodness-of-fit is 
given by [12]: 
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where M = N if the test is time terminated; M = N – 1 if the 
test is failure terminated. N is the total number of failures. For 
the piecewise NHPP model of this example, we modified the 
CVM statistic and calculated it as: 
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where 11 NM = . 22 NM =  if the test is time terminated; 
122 −= NM  if the test is failure terminated. iN  is the total 

number of failures at the ith segment.  
For this example, 71 =M and 132 =M . Using equation 

(31), the 2
MC  is calculated to be 0.150.  The critical value at a 

significant level of 0.1 is 0.172. Since 2
MC is less than the 

critical value, we cannot reject the null hypothesis. The 
piecewise NHPP model passes the goodness-of-fit test. In fact, 
by examining Figure 3, we can see that the proposed model 
can fit the data very well which is a big improvement that than 
the model in Figure 1. 

5 CONCLUSIONS 

In this paper, we examined the case of repairable systems 
with multiple stages for which a single model is not adequate 
to describe the failure behavior for the entire timeline. We 
proposed a piecewise NHPP model to address this. Such cases 
often occur when there is a design change, natural operator 
learning, or when there is a change in the system’s operational 
environment. 

We provided the maximum likelihood function for the 
general case of multiple repairable systems. Closed form 
solutions for the model parameters for single system were also 
given. We proposed an iteration method to identify the change 
point in the cases that the separation between stages cannot be 
identified based on engineering knowledge. Parameter bounds 
and an integrated test statistic for the goodness of fit of the 
proposed model were also discussed.  

The proposed methodology allows the data analyst to 
apply a piecewise NHPP model for repairable systems with 
multiple stages and uses a robust statistical methodology to 
assure that the model provides a good fit even if the change 
points are unknown.  
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