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Summary and purpose

In order to attain the desired reliability objectives early system prototypes are often subjected to
reliability growth testing. This testing may be specifically dedicated to reliability or the testing may be
integrated into existing engineering development tests. When failure modes are uncovered during the
testing they are either corrected or not corrected in accordance with the reliability management strategy.
To properly manage this reliability improvement process, the reliability currently achieved and the
projected reliability impact of proposed future corrective actions must be appropriately measured. This
tutorial presents reliability growth models and procedures to assess reliability growth during development
testing and during in-service customer use. Typical development testing and corrective action strategies are
discussed and the appropriate models are given for analysis. The tutorial also discusses common analysis
pitfalls that lead to incorrect conclusions. The models and methods presented in this tutorial are designed
for real world applications and are useful to reliability engineering and program management. These
models and concepts are illustrated by numerical examples.
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1. INTRODUCTION

In today’s environment of compressed schedules and
limited testing, every opportunity to identify and correct
reliability deficiencies in a new design is a prime objective.
A metric for tracking system reliability before development
testing based on preemptive corrective actions for potential
problem modes is discussed in Ref. 11. In tradition reliability
growth testing a system, or subsystem, is tested and failure
modes are discovered when the system fails. In accordance
with the management strategy some of these failure modes
are fixed with a corrective action, while some may not be
fixed. If the corrective actions are effective then the
reliability will grow to a higher level. In order to manage the
reliability growth program we need to measure this
reliability growth. We, also, need to be able to evaluate
various corrective action options so that priorities can be set
as part of the reliability growth management. For further
information on the importance of reliability growth as an
integration part of a comprehensive reliability plan see Ref.
14,

In addition to managing which failure modes will receive
a corrective action other management decisions include
when these corrective actions will be incorporated into the
system design. These decisions will often influence which
parameters are of interest and which model or models are
most appropriate for analysis. In the test-fix-test strategy
problem modes are found during testing and corrective
actions for these problems are incorporated during the test.
For the test-find-test strategy problem modes are found
during testing but all corrective actions for these problems
are delayed and incorporated after the completion of the test.
A common approach is a combination of these two
approaches, referred to as test-fix-find-test. This is the
practical situation where some corrective actions are
incorporated during the test and some corrective actions are
delayed until the end of the test.

In order to properly manage a reliability growth program
it is vital that realistic and valid reliability assessments be
made. The correct model and approach is dependent on the
corrective action strategy, that is, test-fix-test, test-find-test,
or test-fix-find-test. In the test-find-test and the test-fix-find-
test situations there are failure modes which have not been
corrected at the end of the reliability growth test or the end
of current test phase. In these cases there are at least two
reliability numbers of interest. One number is the reliability
of the system at the end of the test and the other number is
the increased reliability when the remaining delayed failure
modes are corrected. Both of these numbers are given with
the models discussed for test-find-test and the test-fix-find-
test.

In Section 2 we give background on the Duane reliability
growth postulate, the learning curve growth rate, and the
Crow (AMSAA) reliability growth model. In Sections 3, 4,
and 5 we discuss data analyses procedures appropriate for
the three common development testing and corrective action
situations, test-fix-test, test-find-test, and test-fix-find-test.
In Section 6 the Extended Continuous Evaluation model is
discussed. This model allows for projections on the delayed
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failure modes and, in addition, allows projection on the
failures modes corrected during the testing. In Section 7 we
discuss reliability growth assessments and models
appropriate for discrete, one-shot systems, such as missiles.
In Section 8 we present historical data for key reliability
growth parameters and in Section 9 we discuss reliability
growth planning.  These methods are illustrated by
numerical examples.

The overall objective of reliability growth testing is to
develop a system with improved reliability for the customer.
The impact of reliability on the cost of maintaining a fleet of
repairable systems is obvious and for methods and further
discussion on this topic see Ref. 12.

1.1 Notation
A Scale parameter for Crow (AMSAA) model
S Shape parameter for Crow (AMSAA) model
a Growth rate for Crow (AMSAA) model
t Test time
T Total test time
r() Crow (AMSAA) model failure intensity
X; The i-th successive failure time
N Total number of failures
Nq Number of failures for g-th interval
An Type A modes failure intensity
Ag Type B modes failure intensity
Ap Projected failure intensity
Mp Projected MTBF
h() Rate of uncovering new failure modes
Agp Growth potential failure intensity
Mgp Growth potential MTBF
Aem Extended model failure intensity
Mem Extended model MTBF
Lo Rate of Discovery Parameter
d Average Fix Effectiveness Factor

2. BACKGROUND on THE DUANE POSTULATE,
GROWTH RATES and THE CROW (AMSAA) MODEL

In Section 3 the Crow (AMSAA) model is discussed for
the analysis of test-fix-test data. The Crow (AMSAA)
model has the same reliability growth pattern as the Duane
postulate. This an empirically based learning curve pattern as
first noted by Duane and is the most common reliability
growth pattern experienced in practice. In this section we
give some background on Duane postulate, the related
learning curve growth rate, and the Crow (AMSAA) model.

2.1. The Duane Postulate

In 1962 J. T. Duane of General Electric published a
paper, Ref.1, in which he plotted data from several system
undergoing reliability growth testing at General Electric. For
each system Duane plotted the cumulative or average failure
rate (intensity) at various time points during the testing. If
N(t) is the cumulative number of failures up to time t during
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the testing Duane calculated the cumulative failure rate given

by

N (t) 1)
t

Duane then plotted In(C(t)) In(t) . See

Figure 1. The reason Duane plotted this data on In—In scale
is because if these plots are linear then this is consistent with
characteristics of a learning curve. With learning most
progress is made early then the return as a function of time
decreases. With reliability growth most progress is also early
due to seeing and correcting the early “valid few” failure
modes and later the increase in reliability is slower. As
observed by Duane, Table 1, the plots are close to being
linear when plotted on In—In scale. From this relationship
Duane noted the parameter “Growth Rate” in his paper.

C(t) =
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o0

10

) .
0.4
100 1000 10,000 100,000 1,000,000 40,000,000
Curnd ative Operating Hoors (B H )

Failure Rate

Generators

al

Figure 1. Original Duane Data

In Duane’s paper he made this following observations
based on the data in Table 1. If the cumulative failure rate
C(t) is linear and decreasing on In—Inscale then this
implies that

In[C(t)] =5 —aln(t) 2
where ¢ and « are positive parameters.
Equation 2 implies that

C(t)=4t" 3)
where 1=¢°.
It then follows from (1) that
N(t) = At 4)

Next Duane noted that the instantaneous failure rate r(t)
(intensity) at time t is the rate of change in the cumulative
number of failures N (t) . That is,

() :%[N(t)]zl(l—a)t’“. 5)

Following Duane, the instantaneous Mean Time Between
Failure is

M(t)z%.

Duane called the parameter & the “Growth Rate.” This is
the Duane Postulate, and is empirically based. The Duane
Postulate is deterministic in the sense that there is no
underlying statistical framework or foundation for the
reliability growth data

2— Crow

2.2. Learning Curve Growth Rate Property

The linear pattern on In—1In scale plotted by Duane is
the most common pattern empirically observed during
reliability growth testing. This pattern reflects a learning
curve characteristic which typically should be expected
during reliability growth. Specifically, reliability growth
takes place as the instantaneous failure intensity becomes
less than the average failure intensity. As noted above, the
cumulative failure intensity is C(t)=At™" and the
instantaneous failure intensity is

rt)y=A(l-a)t™. (6)
The difference is
D(t)=At" —A(1l-a)t™“ =At"a and
In(D(t)) = Constant +  In(t) . @)

Therefore, the Growth Rate « is the rate on In—In scale
in which the instantaneous failure intensity is less than the
cumulative failure intensity. All the models discussed in this
paper have this learning curve Growth Rate property.

2.3. Crow(AMSAAA) Model

The Duane postulate, Ref.1, for reliability growth states
that the instantaneous system MTBF at cumulative test time t

isM(t) = [ﬂﬁtﬂ’l]&, where 0 < A and 0< 2 are parameters.

Crow, Refs. 2, 3, modeled the Duane postulate
stochastically as a non-homogeneous Poisson process
(NHPP) with intensity

r(t)=pt"", ®)
thus allowing for statistical procedures based on this process
for reliability growth analyses. This model is applicable to
test-fix-test data.

The parameter A is referred to as the scale parameter and
S is the shape parameter. For § =1, there is no reliability
growth. For B <1, there is positive reliability growth. That
is, the system reliability is improving due to corrective
actions.  For g >1,there is negative reliability growth.

Under the Crow (AMSAA) basic model the achieved or
demonstrated failure intensity at time T, the end of the test,
is given by r(T). For the Crow (AMSAA) model we denote
the achieved failure intensity by

e =r(T). ©)
The achieved or demonstrated MTBF at time T is given by
MT) =1/r(T).

During the testing failures occur which are caused by the
corresponding failure modes. A repair restores the system to
an operating status, but the reliability has not been improved.
A fix or corrective action is aimed at improving the
reliability of the failure mode to reduce its rate of
occurrence.  Management makes a decision to either
continue to repair a failure mode (no corrective action) or to
implement a fix. It may take time to implement a corrective
action so the failure mode may be repaired one or more
times before a corrective action is incorporated into the
system. The test-fix-test strategy is to incorporate all
corrective action into the system during the testing.
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During testing the actual failure times may be known. In
some practical applications only the number of failures over
intervals of time may be known and available for analysis.
This situation is called “grouped data.” These two cases are
covered next.

3. RELIABILITY GROWTH MODELS AND ESTIMATION
PROCEDURES for TEST-FIX-TEST DATA.

In this section models and procedures are given for
analyzing reliability growth for test-fix-test data.

3.1. Test-Fix-Test with Failure Times Known

Suppose a development testing program begins at time 0
and is conducted until time T and stopped. Let N be the total
number of failures recorded and let 0<X;< X, < ... Xn<T
denote the known N successive failure times on a cumulative
time scale. We assume that the Crow (AMSAA) NHPP
assumption applies to this set of data. Under the Crow
(AMSAA) model the maximum likelihood estimates (MLES)

for A and £ (numerator of MLE for £ adjusted from N

to N-1 to obtain unbiased estimate) are (see also Refs. 4, 10,
15)

~ N . N -1
A=— N7 (10)
T g S In(-)
i=1 Xi

Example 1. Test-Fix-Test with Failure Times Known

To illustrate the general application of this model

consider a system tested for T=400 hours with the 56 failure
times given in Table 1. The first failure was recorded at .7
hours into the test, the second failure was recorded 3 hours
later at 3.7. The last failure occurred at 395.2 hours into the
test, and the testing was stopped 4.8 hours later at 400.

0.7 63.6 125.5 244.8 315.4 366.3
3.7 72.2 133.4 249 317.1 373
13.2 99.2 151 250.8 320.6 379.4
15 99.6 163 260.1 324.5 389
17.6 100.3 164.7 263.5 324.9 394.9
25.3 102.5 174.5 273.1 342 395.2
47.5 112 177.4 274.7 350.2

54 112.2 191.6 282.8 355.2

54.5 120.9 192.7 285 364.6

56.4 121.9 213 304 364.9

Table 1. Test-Fix-Test Data
Applying equations (10) we get the estimates
A =0.2397 4 =0.9103 . (11)

The achieved or demonstrated failure intensity and MTBF
are estimated by

Aca = A BTALOr Aca =0.1274

A -1
Mca = [/ICA} = 7.84.

It is important to note that the Crow (AMSAA) test-fix
test model does not assume that all failures in the data set
(e.g. Table 1) receive a corrective action. Based on the

(12)
(13)
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management strategy some failures may receive a corrective
action and some may not. This is discussed further in
Sections 4, 5, and 6.

3. 2. Test-Fix-Test with Grouped Data

This is the grouped data version of the Crow (AMSAA)
model that addresses the situation where the actual failure
times may not be known. In this case the total test period is
partition into K intervals and the number of failures in each
interval is known. It is not required that the intervals be of
the same length.

Let the length of the g th interval be Ly, q = 1,....K.
Also, let T;= L;, To= L1+ Ly, ..., etc, be the accumulated
time through the g-th interval. Let Nq be the total number of
failures in the g-th interval. See Table 2.

Interval No.of Failures | Length Accum.
Time

1 N; L, T,

2 N, L, T,

q Ng Lq TS,

K Nk Ly Tk

Table 2: Grouped Data for Test-Fix-Test

The Crow(AMSAA) model failure intensity is estimated
by
r(Ty=ApT/7

(14)
where the values A and £ satisfy
s s
s s s vl )
N, - - (15)
g= B
[Sq J ﬂ_[sq—l]
P (16)
T#
where N = N; + N,...+Nyis the total number of failures.
The achieved or demonstrated MTBF is estimated by
N N - 1
Mca = | ACA 17)

Example 2. Test-Fix-Test with Grouped data

Consider the data in Table 3 where the total test time is
500 hours. The 500 hour test time is partition into 6 intervals
and the total number of failures over each interval is known.
That is, K = 6. See Table 3.
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Accum. | mode is denoted by N; and the total number of Type B
Interval No.of Failures | Interval Length Time y N ) yp
Nq Lq Tq failures seen during the testisNg = Y N;. See Table 5.
1 12 62 62 =1
2 6 38 100
3 15 87 187 j X; Mode | j X Mode
4 3 23 210 1 15 B1 22 260.1 B1
5 18 140 350 2 25.3 B2 23 263.5 B8
6 16 150 500 3 47.5 B3 24 273.1 A
Table 3. Grouped Data g 5;2 2: ;2 27;3'; :163
A R 6 63.6 A 27 304 | B9
A =0.446 and £ =0.814. (18) 7 722 | BS |28 3154 | B4
- . . . . 8 99.6 | B6 |29 317.1 A
This gives trA1e achuAevAed tallure intensity 9 003 87 |30 3206 A
r(T)=ApT71 =0.114. (19) 10 102.5 A 31 3245 | BI12
. 11 112 | B8 | 32 324.9 | B10
and the achieved MTBF 12 1209 | B2 | 33 342 | B5
” B = 13 1255 | B9 |34 350.2 | B3
M(T)=| 18T =8.7. (20) 14 1334 | B10 |35 364.6 | B10
15 1647 | B9 | 36 364.9 A
4.0. Projection Model for Test-Find-Test 16 1774 | B1O |37 366.3 B2
17 1927 | B11 | 38 373 | B8
Suppose a system is tested for time T. During the testing 18 213 A 39 379.4 | B14
problem failure modes are identified, but all corrected 19 244.8 A 40 389 | BI15
actions are delayed and incorporated at the end of the test 20 249 | Blz | 41 394.9 A
phase. This is test-find-test. These delayed corrective actions 21 2508 | A |42 3952 | B16
are gsgally _incorpprated as a group apd fche result is genera_lly Table 4: Test-Find-Test Data
a distinct jump in the system reliability. The projection
model developed by Crow in 1983, Ref. 5, estimates this B Mode Number First EF
jump in reliability due to the delayed fixes. This is called a J N; Occurrence d;
“projection.” 1 2 15.0 67
The projection model places all failure into two groups, 2 3 253 .12
A and B. Type A failure modes are all modes such that if 2 ; :31471.8 Z
seen during test no corrective action will be taken. This 5 3 564 57
accounts for all modes for which management determines 6 > 99:6 :92
that_ it is not cost-effectlye to increase the reliability by a 7 1 1003 50
design change. Type B failure modes are all modes such that 8 3 112.0 85
if seen during test a corrective action will be taken. This 9 3 1255 89
Type A and Type B determination helps define the reliability 10 4 133.4 74
growth management strategy. The basic projection model 11 1 192.7 .70
assumes that the Type A failure modes has constant failure 12 2 249.0 .63
intensity 4,4, the i-th Type B failure mode follows the 13 1 285.0 .64
. TR - . s 14 1 379.4 72
exponential distribution with failure rate 4;, and the initial 15 1 389.0 59
failure intensity for Type B failure modes is A, . 16 1 395.2 46

Example 3. Test-Find-Test

For the data in Table 4 the system is tested for T=400
hours. There is a total of N=42 failures and all corrective
actions will be incorporated at the end of the 400 hour test.
Each failure is designated as either a Type A failure mode
(no corrective action) or Type B failure mode (corrective
action). There are N, =10 Type A failures and

N, = 32 Type B failures during the test.

In Table 4 there are M = 16 unique Type B failure modes
seen which means there are 16 distinct corrective actions
incorporated into the system at the end of test. The total
number of failures for the j-th observed distinct Type B

4— Crow

Table 5: Test-Find-Test Type B Failure Mode Data and
Effectiveness Factors

An effectiveness factor (EF) d;is the fraction decrease
in A;after a corrective action has been made for the j-th

Type B mode. The failure rate for the i-th Type B failure
mode after a corrective action is (1-dj) 4;. In practice, for

application of the projection model, the EFs are assigned
based on engineering assessments, test results, etc. Studies
indicate that an average EF d of about .70 is typical for a
reliability growth program. Individual EFs may vary. The
assigned EFs for distinct Type B modes are given in Table 5.
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For test-find-test the system failure intensity is constant,
say, /A, during the testing and then jumps to a lower value

due to the incorporation of corrective actions. The intensity
at the end of the test T, before delayed corrective actions are
introduced into the system, is the achieved intensity. The
reciprocal of the intensity is the achieved MTBF M.

We estimate the achieved failure intensity A5 by

N B N N N A N
As =Aat+ s, ﬂAZN'%, As = % (21)
Based on the data in Table 4,

As=0.105 Aa=0.025, 15 =0.08 . (22)
The estimated achieved MTBF Mg at time T = 400 before

the jump is M s = 9.5. We will estimate the jump next.
The estimated projected failure intensity, Ref. 5, is

N N M N _ A
Ap =Aa+ Z(l_dj)TJ+d h(T) (23)
j=1
M
_ Xdy
where d =2t
M
is the average EF, and
h(T)=28T"7" (24)
The estimated projected MTBF is
A A -1
MP(T)=(APJ (25)

The projection model A and g for (24) use only the M first

occurrence failure times of the seen and unique Type B
failure modes. These first occurrences are given in Table 5.
Applying equations (10) to the first occurrence data in Table
5 we have

4=01820, [=0.7472

(26)
Based on the data in Tables 4 and 5, we have
M=16 d =.72,  h(400) = 0.0299. @7)
Also,
dh(T) =0.0215 Aa=0.025
M N
>(1-d;)—>=00196 (28)
i T
From (9) the projected failure intensity and MTBF are
Ap=0.066", Mp =15.1. (29)

The projection model estimates that the MTBF jumps to 15.1
hours from 9.5 hours due to the 16 distinct corrective
actions.
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5.0. Extended Reliability Growth Model for Test-Fix-Find-
Test

This model, Crow, (Ref.13), extends the previous
projection model, discussed in Section 4, to include test-fix-
find-test data. That is, the 1983 projection model is special
cases of the Extended Model.

In order to provide the assessment and management
metric structure for corrective actions during and after a test,
we define two types of B modes. Type BC failure modes are
corrected during test. Type BD failure modes are delayed to
the end of the test. Type A failure modes, as before, are
those failure modes that will not receive a corrective action.
These define the management strategy and can be changed.
The Crow (AMSAA) model does not utilize the failure mode
designation. This BC and BD failure mode designation is an
important aspect of the Extended Model.

The test-fix-find-test concept is illustrated in Table 6.
This is the same failure data as in Table 1, but Table 6
denotes those failure modes that received a corrective action
during the test (BC modes) and also those failure modes that
will receive a corrective action at the end of the test (BD
modes). Note that in the failure mode designation BC modes
are entirely different than BD modes. For example mode
BCL1 is an entirely different failure more from mode BD1
although both have a sub designation “1.” The test-fix-find-
test strategy in Table 6 is to fix more failure modes than with
the test-fix-test management strategy. During test the Type A
and Type BD failure modes do not contribute to reliability
growth. The corrective actions for the BC failure modes
affect the increase in the system reliability during the test
and this is the same for both Table 1 and Table 6
management strategies. After the incorporation of corrective
actions for the Type BD failure modes, the reliability
increases. Estimating this increased reliability with test-fix-
find-test data is the objective of this paper.

For the Extended Model we assume that the achieved
MTBF, before delayed fixes, based on Table 6 data should
be exactly the same as the achieved MTBF for the Table 1
data. If K is the total number of distinct BD modes then, in
Ref.5, the intensity to be estimated is

Ao = Jg — g + 3 (1—d: )2 +dn(T)
i=1

To allow for BC failure modes in the Extended Model we
replace Ag by Aca in (30). Also, let Agp be the constant

failure intensity for the Type BD failure modes, and let h(t)

be the first occurrence function for the Type BD failure
modes (see (10).
The Extended Model projected failure intensity is

A =ACA—ABD+§1 (1-d;)4 +dh(T) .

The Extended Model projected MTBF is M, =1/, This

is the MTBF after the incorporation of the delayed BD
failure modes that we wish to estimate.

Under the Extended Model the achieved failure intensity,
before the incorporation of the delayed BD failure modes, is
the first term A, . The achieved MTBF at time T before the

(30)

(1)

Crow -5



BD failure modes is M¢, =[Aca]™" . That is, the achieved

MTBF before delayed fixes for the data in Table 6 is exactly
the same as the achieved MTBF for the data in Table 1.

5.1. Estimation for the Extended Reliability Growth Model

The estimate of the projected failure intensity for the
Extended Model is
A n A M N ) _A
Aem = Aca—ABD+ _Zl(l_dj)?J"—d h(T) (32)
J:
where the first term is the Crow (AMSAA) model estimate
(see Eqg. (10)) applied to all A, BC, and BD data, as in
Example 1, and the remaining terms are calculated as in
Example 3, using only BD data as indicated in Table 4 and
Table 5.
If it is assumed that no corrective actions are
incorporated into the system during the test (no BC failure
modes), then this is equivalent to assuming that g=1

for Aca , (see Eq. (10)), and A, is estimated as in Example

1. In general, the assumption of a constant failure intensity
(8 =1) can be assessed by a statistical test from the data

Example 4. Test-Fix-Find-Test

In Table 6 there are 56 total failures, T=400, and the
failure times are the same as in Example 1. Table 6 will be
used for several examples. For the current example it is

assume that all the failure times X ; are known. There are

BC failure modes but assume in this example that only the
BD failure modes are designated. Assume the remaining
Type A and Type BC failure modes are not designated as
such.

The first term, Aca, in Aem (EQ. (31) uses all failure time
data in Table 4, as in Example 1. This gives (see Eq. (5))

Aca =0.1274 . (33)
For the remaining terms in Eq. (31) the BD data in Table
4, and the EFs given in Table 3, are used. This Type BD data
is the same Type B data in Example 2 so the calculations in
Eq. (17) are the same. That is,
M=16, T= 400, 1., =0.08,d = 0.72 . Also,

S (-dy) N5~ 0.0196 (34)
j-1 T
and

h(T) has parameters 4 =0.1820, ,3 = 0.7472 .

This gives d h(T) = 0.0215. Therefore,
Aem =0.1274-0.08 + 0.0196 + 0.0215 (35)
or
Aem = 0.0885. (36)

The Extended Model projected MTBF is |v| Em =11.29 .
The achieved MTBF before the 16 delayed fixes is estimated

by Mca =7.84. We therefore have based on the Extended
Model estimates that the MTBF grew to 7.84 as a result of
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corrective actions for BC failure modes during the test, and
then jumped to 11.29 as a result of the delayed corrected
actions after the test for the BD failure modes.

J X; Mode J X, Mode
1 0.7 | BC1 29 192.7 | BD11
2 3.7 | BC1 30 213 | A
3 13.2 | BC1 31 2448 | A
4 15 | BD1 32 249 | BD12
5 17.6 | BC2 33 2508 | A
6 25.3 | BD2 34 260.1 | BD1
7 47.5 | BD3 35 263.5 | BD8
8 54 | BD4 36 2731 | A
9 545 | BC3 37 274.7 | BD6
10 56.4 | BD5 38 282.8 | BC11
11 63.6 | A 39 285 | BD13
12 72.2 | BD5 40 304 | BD9
13 99.2 | BC4 41 315.4 | BD4
14 99.6 | BD6 42 317.1 | A
15 100.3 | BD7 43 3206 | A
16 1025 | A 44 324.5 | BD12
17 112 | BD8 45 324.9 | BD10
18 112.2 | BC5 46 342 | BD5
19 120.9 | BD2 47 350.2 | BD3
20 121.9 | BC6 48 355.2 | BC12
21 125.5 | BD9 49 364.6 | BD10
22 133.4 | BD10 50 3649 | A
23 151 | BC7 51 366.3 | BD2
24 163 | BC8 52 373 | BD8
25 164.7 | BD9 53 379.4 | BD14
26 174.5 | BC9 54 389 | BD15
27 177.4 | BD10 55 3949 | A
28 191.6 | BC10 56 395.2 | BD16

Table 6. Test-Fix-Find-Test Failure Times and Failure Mode
Designations

6.0 THE EXTENDED CONTINUOUS EVALUATION
MODEL for PROJECTIONS ON BC and BD MODES

The previous models given a projection based on the
incorporation of corrective actions for BD models only. That
is, a projection on failure modes corrected at the end of the
test. We may also be interested in a projection for failure
modes that may be corrected before the end of the test. The
Extended Continuous Evaluation reliability growth model
allows for projections on both BD modes and BC modes.

Suppose the reliability growth testing is specified for
3500 hours and at time T = 400 hours into the testing, the
testing is stopped in order to update the system configuration
with corrective actions. That is, the end of a test phase.
Between time 0 and time T = 400 corrective actions were
incorporated for some of the failure modes and additional
corrective actions are planned to be incorporated at time T =
400. With the Extended Continuous Evaluation model
assessments can be made throughout the testing. After the
testing is resumed at time 400, additional assessments can be
made and at time T = 3500 all remaining BD modes must all
be corrected.

At an assessment point, for example T = 400, the
corrective action status of all failure modes seen to-date is
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updated, as in Table 1. A failure mode corrected at the time
of failure is denoted by a BC mode. Any failure mode that is
not planned to be corrected during the 3500 hour test is
denoted by an A mode. All failure modes that are planned to
be corrected after the time of first occurrence are denoted as
a Type BD mode. Among the BD modes those that have
been corrected by the stop of the testing at time T = 400 are
further denoted as a BDC mode. Those BD modes that have
not been corrected by the stop of the testing at time T = 400
are denoted as a BDD mode. Of these BDD modes we can
now chose to incorporate corrective actions for some before
testing resumes, and defer corrective actions for the others to
a later time between T = 400 and up to and including T =
3500. At time T = 400 we wish to get an updated
assessment of our progress and the impact of the proposed
corrective actions.

In Table 7, there are a total of 17 distinct Type BD
modes. Of these 17 failure modes 5 have been corrected
(Type BDC modes). The BDC modes are 1, 9, 10, 15 and 16.
There are 12 Type BD modes not yet fixed (Type BDD
modes). These are modes 2, 3, 4, 5, 6, 7, 8, 11, 12, 13, 14,
17. After the testing has stopped at time T = 400 we will
incorporate corrective actions for BDD modes 2, 4, 6, 11, 14,
17. After these corrective actions are incorporated and
testing resumed (T > 400) each of these BDD modes will be

Time | Failure | Failure | Timeto | Failure | Failure
to Mode Mode Failure Mode Mode
Failure | Status Name Status Name
0.7 | BDC 1 192.7 | BDD 12
15| BDD 2 213 A 35
17.6 BC 23 244.8 A 36
25.3 | BDD 3 249 | BDD 13
475 | BDD 4 250.8 A 35
54 | BDD 5 260.1 | BDD 2
54.5 BC 24 273.1 A 35
56.4 | BDD 6 2747 | BDD 6
63.6 A 34 282.8 BC 32
722 | BDD 5 285 | BDD 14
99.2 BC 25 3154 | BDD 4
99.6 | BDD 7 317.1 A 34
100.3 | BDD 8 320.6 A 36
102.5 A 34 3245 | BDD 12
112 | BDC 9 3249 | BDC 10
112.2 BC 26 342 | BDD 5
1209 | BDD 2 350.2 | BDD 3
121.9 BC 27 355.2 BC 33
1255 | BDC 10 3646 | BDC 10
133.4 | BDD 11 364.9 A 35
151 BC 28 366.3 | BDD 2
163 BC 29 379.4 | BDC 15
174.5 BC 30 389 | BDC 16
177.4 | BDC 10 394.9 A 36
191.6 BC 31 395.2 | BDD 17

Table 7. Failure Times in First 400 Hours of Test, Failure
Mode Status, and Failure Mode Name.
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denoted as a BDC mode, that is, delayed and now corrected.
Type BD modes 3, 5, 7, 8, 12, 13 are still denoted as BDD
modes until corrected.

In Table 8 we assigned the Nominal Fix Effectiveness
Factors for all the 12 Type BDD modes. A Nominal Fix
Effectiveness Factor is the expected fraction decrease in the
failure mode failure rate after a corrective action is
implemented. There is also an assigned Actual Fix
Effectiveness Factor which is equal to the Nominal Fix
Effectiveness Factor if the corrective action is implemented
at time T =400 and is equal to zero if the corrective action

is not implemented at time T = 400. Let d; and d, denote

the average of the nominal and actual effectiveness factors.
In the example

d, =0.699 (37)
and
d,=0.346. (38)
Time | Failure | Failure
to Mode Mode | Nominal | Actual
First Status Name EF EF
Failure
15| BDD 2 0.67 0.67
25.3 | BDD 3 0.72 0
475 | BDD 4 0.77 0.77
54 | BDD 5 0.77 0
56.4 | BDD 6 0.87 0.87
99.6 | BDD 7 0.92 0
100.3 | BDD 8 0.5 0
133.4 | BDD 11 0.74 0.74
192.7 | BDD 12 0.70 0
249 | BDD 13 0.63 0
285 | BDD 14 0.64 0.64
395.2 | BDD 17 0.46 0.46

Table 8. Failure Times and Nominal and Actual
Effectiveness Factors for the Distinct BDD Failure Modes

Each time we make an assessment with the Extended
Continuous Evaluation model we can calculate each of these
metrics:

a) Current Demonstrated MTBF

b) Nominal Growth Potential

c) Nominal Average EF

d) Nominal Projection if BDD modes are
corrected with Nominal EFs

e) Actual Growth Potential

f) Actual Average EF

g) Actual Projection if BDD modes are corrected
with Actual EFs

h) Rate of discovery.

The current demonstrated MTBF addresses the question:
What is the reliability that is currently being demonstrated at
time T = 4007 This is given by the Crow (AMSSA) model.
(See Section 2.) In Table 6 there are N = 50 total failures.

Let X, denote the i-th failure time in Table 1, i=1,...,50.

Then, (using the unbiased estimate of beta) the Crow
(AMSAA) model failure intensity at T = 400 hours is
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rea=ABT77" (39)
where

. N -1

BP== , (40)
ZIn(—)
J=1 i

and

A= l . (41)

Tﬁ

Example 5. Extended Continuous Evaluation Model.

We illustrate the Extended Continuous Evaluation model
using the data in Tables 7 and 8. In this example,

B =.9669, (42)
A=.1524 (43)
and the demonstrated failure intensity is
rea =0.1209. (41)
The demonstrated, or achieved MTBF, is
MTBF,, = —— = 8.27. (45)

Ieca

If we put corrective actions into the system for some of
the BDD modes what is our estimate (projection) of the new
reliability? The Nominal Projection is the estimate if we fix
all of the BDD modes at time 400, and the Actual projection
is the estimate if we only fix those that have designated.

We first calculate the Nominal Growth Potential Factor
(see Ref. 6)

A NGPFactor ZK: (1- diNum ) ¥ (46)

where K is the total number of distinct BDD modes at time T
= 400, d"is the assigned Nominal EF for the i-th BDD

mode at time T =400, and N, is the total number of failures
over (0, 400) for distinct BDD mode i. In the example K =

12, and the EFs are given in Table 8.
In the example,

K
Af NGPFactor z (1_ diNum)%z 0.015000.
i=1

Next, we calculate the estimate of p(400). This estimate
is the total number of distinct BDD modes at time T = 400
divided by the total number of distinct BDC modes plus the
total number of distinct BDD modes. In this example p(400)
=(12/17) =0.7059

The BDD mode failure intensity at time T= 400 is

A sop = total number of BDD failures (classification at the

end of test at T = 400) divided by time 400. In the example
N sop = 21/400 (48)

(47)

or
N eop = 0-0525. (49)

The discovery function h(t) = A5t”"is calculated using
all the first occurrences of the 17 BD modes. This is the rate
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in which new, distinct, Type BD modes are being discovered
during the test. The M = 17 first failure times, Z

corresponding to discovering a new, distinct, Type BD mode
(both BDC and BDD modes) are .7, 15, 25.3, 47.5, 54,
56.4, 99.6, 100.3, 112.0, 125.5, 133.4, 192.7, 249.0,
285.0, 379.4, 389.0, 395.2.

The unbiased estimate of beta for the h(t) function is:

EZMM—lz 16 oo

17
Zln[Tj Zln(m]
T \4) T 4
Beta must be less than one for reliability growth.

The h(t) function at time T =400 is

h(400) = " % =0.0257. (51)

The classification of the A, BC and BD modes and the
effectiveness factors define the management strategy. The
growth potential is the maximum reliability that can be
attained with the current management strategy. The nominal
growth potential is the growth potential if all BD modes in
the system were seen and corrected with the nominal
effectiveness factors. The actual growth potential is the
growth potential if all BD modes in the system were seen
and corrected with the actual effectiveness factor strategy
that has been demonstrated up to time T.

The Nominal Growth Potential failure intensity is

ﬂzNGP :iD_/IBDD_FiNGPFaCtor_I—dN -p-h(T)—dy -h(T) (52)

For this example,

(50)

A wee = 0.0781 (53)
The Nominal Growth Potential MTBF is
1
M ep =—— 54
ner /INGP ( )
For this example,
M e =12.8 (55)

The Nominal Growth Potential MTBF is an estimate of the
maximum reliability that is attainable for the system with the
current design and management strategy. The overall system
MTBF requirement or goal must be below the Nominal
Growth Potential MTBF.

The Nominal Projection estimates the failure intensity
and MTBF if all seen BDD modes are corrected at time T.
The Nominal Projected Failure Intensity at time T is

Ao = Anee Ty -N(T) (56)
In the example
A =0.0961 (57)
The Nominal Projected MTBF at time T is
MTBF,, = 1 (58)
Axp
In the example the Nominal Projected MTBF is
MTBF,, =10.4 (59)

If all 12 BDD modes 2, 3, 4,5, 6, 7, 8, 11, 12, 13, 14, 17
were fixed at time T = 400 then the estimate of the new
MTBF is 10.4, given by the Nominal Projected MTBF.
However, we are only going to fix BDD modes 2, 4, 6, 11,
14 and 17 at time T = 400. The Actual Projected MTBF is
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the estimate of the new MTBF after we fix only modes 2, 4,
6, 11, 14 and 17 at time T = 400.
The Actual Growth Potential Factor is

K
ﬂa AGPFactor Z (- diACt) % (60)
i=1

where K is the total number of distinct BDD modes at time
T, dis the assigned actual EF for the i-th BDD mode at
time T and N, is the total number of failures over
(0, T.) for distinct BDD mode i.  In the example K = 12,
and the actual EFs are in Table 2. In the example,

K
A AGPFactor z a- diAm ) % =0.03300.
i-1

The Actual Growth Potential Failure Intensity is
ﬂzAGP = Z/D _ﬂzBDD+ﬂaAGPFactor+dA -p-h(T)—d,-h(T) (62)
For this example,

(61)

A acp = 0.0987. (63)
The Actual Growth Potential MTBF is
1
M, =—— 64
e ﬂ“AGP ( )
For this example,
M e =10.13. (65)

The Actual Growth Potential MTBF is an estimate of the
maximum reliability attainable for the system with the
current design and the management strategy that is
demonstrated by the actual effectiveness factors.

The Actual Projected Failure Intensity at time T is

Ao =Aace Tda-(T) (66)
In the example,
A =0.1076. (67)
The Actual projected MTBF at time T is
MTBF,, = = (68)
]“AP
In the example, the Actual projected MTBF
MTBF,, =9.29 (69)
Graphically, these results are given in Figure 2.
These calculations can be updated continuously

throughout the entire reliability growth test and across the
test phases. Also, the model can be implemented using
grouped data over the test phases. At the completion of the
reliability growth test all remaining BDD modes would be
expected to be corrected.

7. RELIABILITY GROWTH MODEL AND ESTIMATION
PROCEDURES FOR DISCRETE DATA

Discrete reliability growth models apply to systems, such
as missiles, which are used one time. When the systems are
operated the resulting outcome for each trial is either success
or failure. These systems are often called “one shot”
systems. The model considered in this section is the discrete
version of the Crow (AMSAA) model.
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Figure 2. The Demonstrated MTBF , Actual Projected
MTBF and Actual Growth Potential MTBF at T =400

7.1 Discrete Reliability Growth Models

The Crow (AMSAA) Discrete Model (see Ref. 16)
applies to one shot systems and assumes that reliability
growth takes place on a configuration by configuration basis.
That is, for configuration 1 of the system under development
N, copies are made and tested. The number of failures in the
N, trails is denoted by M; . Based on these failures
corrective actions are introduced into the system and the
updated design is configuration 2. For configuration 2 N,
copies are made and tested. The number of failures observed
for configuration 2 is M, This process is continued for K
configurations and based on the data it is desired to estimate
the reliability of the K-th configuration. The reliability of
configuration K represents the current reliability of the
system.

Let T; be the cumulative number of trials through the i-th
configuration, i = 1,...,K. That is T, = Ny, T, = N; + N2,
etc.. For the Discrete Model the failure probability for the
i-th configuration is given by

¢ AT AT
1 Ni

i =1,...,K. The reliability for the i-th configuration is given
by

(70)

Rizl—fi, i=1,...,K.
Based on the success-failure data for the K configurations
the estimates of the parameters of the model are given by 4

and ﬁ that satisfy the following equations:

Crow -9



K
> H, xS, =0 (71)
i=1
K
DU, xS, =0 (72)
i=1
where,
H =[T/InT,-T/ T, | (73)
U, = |:Ti/3 _Tii:| (74)
S, =| = M N=M (75)
AT/ =TS N, = AT/ + AT/,

Example 6. Discrete Data

Suppose a missile system undergoes reliability growth
development testing for a total of 68 trials. Delayed
corrected actions were incorporated after the 14th, 33rd and
48th trials. From trial 49 to trial 68 the configuration is not
changed. For this system K =4, T, = 14, T, = 33, T3 = 48,
and T, = 68. That is,

Configuration 1 N; = 14 Trials.
Configuration 2 N, = 19 Trials.
Configuration 3 N3 = 15 Trials.
Configuration 4 N, = 20 Trials.

The following failures were recorded for the four
configurations;

Configuration 1

Configuration 2

M; = 5 failures.

M, = 3 failures.
Configuration 3 Ms;= 4 failures.
Configuration 4 M, = 4 failures.

Solving for the estimates of L and B gives

A =0.595, and B =0.780. (76)
These estimates give
f, =0.333, f,=0.234, f;=0.206, f,=0.190 (74)
and
R, =0.667, R, =0.766, R3=0.794, R,=0.810. (77)

That is, the reliability for the current configuration four is
0.810 from an initial reliability of 0.667 for configuration
one.

7.2 Extended and Extended Continuous Evaluation Models
for Discrete Data

The Extended model and the Extended Continuous
Evaluation model have discrete versions that are applicable
to one-shot data. These models give all of the estimates and
projections that are available when applied to continuous
data.

8. Historical Data and Experiences for Key Reliability
Growth Parameters

In this section we will give historical information and
experiences regarding (1) Duane/Crow (AMSAA) Growth
Rates, (2) Fix Effectiveness Factors and (3) Discovery Rates.

In 1990 P. Ellner and P. Trapnell, Ref. 9 published
average growth rates for a number of Army systems that had
been subjected to reliability growth testing. The data in
Table 9 was published in the 1990 Army study and the
growth rates were calculated using the Crow (AMSAA)
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model applied to the data, with the growth rate alpha equal to
1-5.

System Type Growth Rate
alpha
Helicopter 0.40
Navigation System 0.26
Navigation System 0.53
Navigation System 0.24
Ground Radio 0.40
Aithorne Radio 0.32
Llissile Electronie Sys | 0.32
Lissile 1 0.46
Llissile 2 0.49
Llissile 3 0.27
Mlissile 4 0.64
Mlissile 5 Test | 0.61
Mlissile 5 Test2 0.51
Ilissile 5 Test3 0.32
Llissile & 0.60
Loverage 0.42

Table 9. Historical Data on Growth Rates

In Crow Ref, 7, actual fix effectiveness factors for a
complex commercial electronic system being developed at
Bell Laboratories were given. During the development
program eleven fixes were incorporated into the system
resulting in the system failure intensity being reduced to 1/5
of its original level. This number was calculated from
extensive testing before and after the corrective actions.
Figure 3 show the failure intensity before and after the
eleven corrective actions. For this system all failure modes
were addressed by corrective actions.

Before
2.5

2.0

Failure "

x 10°

1.5

1.0
After

’ ]

Figure 3. System Failure Rate Before and AfterCorrective
Actions

Because of the extensive testing the actual FEFs were
estimated for each of the eleven problem failure modes
receiving corrective actions. These are given in Figure 4.
The individual effectiveness factors ranged between a low of
.13 to a high near 1.0, with an average of .80.

2011 AR&MS Tutorial Notes



Before Fix
‘ M After Fix

Average EF = .80

Failure Rate x 107
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Figure 4. Failure Mode Failure Rates Before and
AfterCorrective Action.

In 1990 P. Ellner and P. Trapnell ( Ref. (9), also
published average fix effectiveness factors (see also Ref. 8)
for a number of Army systems that had been subjected to
reliability growth testing. These are given in Table 10.

Heawy Ground | FEF Light Ground | FEF
Vehicles Wehicles
Systemn 1 INE Systern 4 07
System 2 071 System 5 065
Syatern 3 0.5 Syatern 6 025
Lvg HGE 075 beg TIGE 0.74
Ilissiles FEF Ilissiles FEF
Syatern 7 0.zl Syatera 10 055
Syatern & 0.56 Syater 11 074
Syatern 9 0.55

Lz, Ilizsiles | 0.65
Launchers FEF Ilise. FEF
Syatern 12 0.40 Syatern 14 0.5
Syatern 13 .66 Syatern 15 0.61

Syster 16 0.7a
Sove, Lannchers Sovg, Wlise. 0

Table 10. Historical Data on Fix Effectiveness Factors

We next give information regarding the rate of discovery
function. This information is not given in the 1990 Ellener
and Trapnell report. For systems in the 1990 report the
estimates regarding the discovery rate are derived, Table 12,
from the data in the report using the Extended Reliability
Growth Planning Model discussed next.

The discover function is given by equation (24). We

write this discovery function in terms of parameters Ay, A,
as

h(t) = A, Bt (78)

The discovery betas in Table 11 were calculated directly

from the data. These estimates of the discovery rate are

directly estimated based on the times of first occurrence of

problem failure modes and using the Crow (AMSAA)
model. The average of these estimates is 0.70.
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Syratern Type B,
Mlilitary Coraplex IlecharacallElectronic Heary | 075
Ililitary Coroplex Discrete (One Shot) System | 0.61
Corurercial Corgplex MecharicallE lectrorae 0.66
Corarnercial Cornple x MWechanicaUE lectronic 0.y

Lrverage | 0,70

Table 13. Direct Estimates of the Discovery Rate Based on
First Occurrence failure Mode Data and the Crow (AMSSA)
Model.

The Growth Potential is the maximum reliability that can
be attained from the system design and management
strategy. (See Ref. 6.) In the Extended Planning model this is
Agp =A,+(1—-d)4, for the growth potential failure
intensity. The design margin is the ratio of the Growth
Potential MTBF to the Target or Goal MTBF. If the design
is 1.5, for example, the target MTBF is reached at 2/3 of the
Growth Potential. In practice this is a common assumption
because the rate of growth past 2/3 of the growth potential is
generally very difficult. The management strategy is the
fraction of the total initial failure rate that is in the Type B
failure modes and addressed by corrective action if seen.
This is A; / (A, +45) . This is typically expected to be high,
at 0.95 or greater.

For a helicopter in the 1990 report and based on other
information the Extended Planning Model estimate the
helicopter discovery beta to be g, =0.726.

For other systems in the 1990 report conservative
estimates of the discovery rate were estimated based on
certain reasonable assumptions. These results are given in
Table 12.

Srstern Type Drizcorersr Bate
."5'.!5
Marigation Swstern 073
Grround Fadio 0.70
Aithorme Radio 069
Twlissile Flectronic Svs | 0.6E
Tulissile 1 0.&a0
Twlissile 2 [ANE
Tulissile 5 0.7&
Tlissile 4 0.23
Tulissile 5 0.70
Sverage | 072

Table 12. Derived Discovery Rates for Military Systems

The average of all of these estimates is about 0.72.
Therefore, for planning purposes a beta for discovery in the
0.70 range would be reasonable based on this data.

9. RELIABILITY GROWTH PLANNING AND
MANAGEMENT

As noted earlier, the 1982 Projection model (Ref 5) is a
special case of the Extended Projection Model (Ref. 13). An
Idealized Reliability Growth Planning Curve is the reliability
at time t if all Type B modes that have been seen at time t are
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fixed. This is what the 1982 projection Model estimates.
This application of the 1982 Projection model as an
Idealized Growth Curve concept was proposed by Crow
(Ref. 1984). Using an average Fix Effectiveness Factor d we
write the 1982 projection model as
ﬂ’Projection = ]'A + (1_ d)ﬂ‘B +d 'A’DﬂDtﬂDil- (79)
For projections the parameters are estimated and the
effectiveness factor is an input based on historical
experiences. As noted by Crow (1984) the projection model
can be used as an ldealized Growth Curve. This is the
Extended Reliability Growth Planning Model as defined in
terms of failure intensity as

ﬂ’(t) Extended-Planning = )’A + (1_ d )iB + d : ﬂ’DﬂDtﬁD - (80)
and in term of MTBF as
-1
M (t)Extended-PIanning = [iA + (1_ d )ﬂ*B + d 'ﬁ’DﬂDtﬂDil:I (81)

4 [Phesed

Phase Curmulatie
Narte Phiase Tirne: Fit Delay
Phase 1 5000 3000
Fhase 2 15000 3000
Phase 3 23000 E]
Phase 4 35000 000
Phase 5 43000 5000

| Phiasz | 500 90

o lon | e e e |

Calculation Options

Initial MTEF =

Required Input

aoal MTEF eiuln]
GF Design Margin 1.3
&vg EF 0.7
Managemenk Skrakegy 0.95
Discovery Beta 0.7

Results
Inikial Time [E{0}] 72,5966 Calculate
Initial MTEF 130.6500
Final MTEF (k) 300, 7795 o
T Goal (&ack) 4. 5485E+04 .

Aerage A

Figure 5. Planning Parameters for Reliability Growth
Example.

For the Extended Reliability Growth Planning Model the
key values are inputs for planning purposes. With the form
of the discovery function in the Extended Reliability Growth
Planning Model the discovery rate is characterized in terms
of the discover rate parameter 5, . The Extended Reliability

Growth Planning Model has the Learning Curve Property,
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4. Reliability Growth Management,

equation (7), so that a=1-/p, may be viewed as the

Growth Rate for the Extended Reliability Growth Planning
Model.

Example 7.

Suppose for a vehicle we have a requirement of 300
miles MTBF. Engineering analyses indicate that a design
with a growth potential for about 390 miles is cost effective
and within the state of the art for this type of vehicle.
Management has agreed to support a reliability growth test
program up to a maximum of 50,000 miles. However,
suppose these are expected average delays from the time a
problem is first seen until the time a corrective action is
incorporated, as indicated in Figure 5.  With this design
strategy we intend to mature the system design to about 75%
of its growth potential that is the management strategy is
about 1.3. With the inputs noted below, the Extended
Planning model shows that the 300 mile requirement can be
met at about 48,480 miles of reliability growth testing. This
indicates that the 50,000 miles allocated should be sufficient
and that the 300 mile requirement is attainable.

This gives the actual idealized and the planned cure in
Figure 6.

[ReTScrt REA 7 - e ReaSof com,

Growth Planning
a00.

320,000

2400000

160.0000

80,0000

220 F
1.2000E+04 240006 +04 3.6000E+04 48000 +04 6.0000E+04

Time

Figure 6. Actual Idealized Curve and Corresponding
Planned Reliability Growth Curve.
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