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SUMMARY & CONCLUSIONS
Accelerated life test (ALT) planning is one of the most
important and challenging tasks for reliability engineers. Since
the late 1970s, methods for efficient ALT planning have been
studied extensively and over 150 research papers have been
published [1]. Most of the existing methods focus on
designing tests to minimize the estimation precision of model
parameters or their functions. Popularly used test designs such
as the 2-level statistically optimum plan, 3-level best
compromise plan and 3-level best standard plan are all based
on this theory. However, although these designs are very
useful for estimating distribution parameters or given
reliability metrics, they are not efficient for planning tests that
compare different products.
In this paper, we will present two methods for designing
ALT to compare two different designs in terms of their B10
life. The probability of detecting a given amount of difference
of the B10 lives is the focus of the proposed methods. This
probability usually is called detection power. Comparing the
estimated lives of two designs is the same as comparing two
random variables since each life estimated through the ALT
data is a random variable. According to the required detection
probability, the sample size of a comparison test can be
determined by either the analytical or the simulation method
given in this paper. An example is used in the paper to
illustrate the theory and the applications of the proposed
methods. The presented methods are general methods and can
be extended to other situations and applied beyond the
example used in this paper.
1 PROBLEM STATEMENT
Assume the life of a product is affected by voltage. High
voltage will shorten the life and the usage level voltage is 70
volts. Accelerated life tests are conducted for one design
option of the product and the test results are given in Table 1.
For convenience, we’ll refer to this design as design A.
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Table 1- Test Data for Design A at 120v and 95v
From Table 1, we can see that 20 samples were tested at 120v
and 34 were tested at 95v. Using these data, we fit a life-stress
model and predict the B10 life at the usage level. The model
and the prediction are given in the following section.

1.1 Accelerated Life Test Data Analysis
The inverse power law-Weibull (IPL-Weibull) model was
used here. The cumulative distribution function (cdf) of it is:

F (t , V ) = 1 − e

(

− KV n t

)

β

(1)
where t is life time; V is voltage; K and n are model
parameters in the life-stress relation function; and β is the
shape parameter of the Weibull distribution. For data in
Table 1, the model parameters calculated using maximum
likelihood estimation (MLE) are: K=2.6282×10-6, n=1.1562
and β=2.3240. Applying this model, the predicted B10 life at
the usage level of 70v is 1,063 hours. Its one-sided upper
bound at a confidence level of 90% is 1,478. (For details on
accelerated life data modeling and parameter estimation,
please refer to [2, 3].) However, the required B10 life at the
use stress level should be at least 1,500 hours. Clearly, the
current design couldn’t meet this requirement. Therefore, this
design is modified. The modified design is called design B.
Due to cost and time constraints, only 20 samples of design
B were manufactured and tested for 3,000 hours at 120v in
order to quickly show the improvement. The test data at 120v
is given in Table 2.
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Table 2- Test Data for Design B at 120v
After applying the Weibull distribution to data in Table 2, the
calculated B10 life for design B at 120v is 1,194. If we also
fit a Weibull distribution to the failures for design A at 120v
in Table 1, the predicted B10 life is 782. Therefore, the new
design shows significant improvement at a voltage level of
120v. The ratio of these two B10 lives is about 1.525. Will
this ratio still hold for the B10 life at the usage voltage level?
If so, the new design will meet the reliability requirement of
a B10 life of 1,500 hours. In order to answer this question,
test data at another stress level of design B are needed. Test
engineers decided to test more samples at a voltage level of
95v. The question is how many samples are needed? The
engineers only have 5,000 hours for testing, and
manufacturing test samples is costly. Due to these
constraints, the engineers want to build and test as few
samples as possible.
The engineers decided to determine the sample size
based on the requirement of the detection probability. For
design A, we know that the predicted B10 life at the usage

stress level is 1,063 with a one-sided 90% upper bound of
1,478. For design B, the B10 life will be predicted using data
at a voltage level of 120v (Table 2) and data at a voltage
level of 95v (to be tested). The requirement for the detection
probability is to have at least an 80% chance to detect this
difference, if the ratio of the two B10 lives is at least 1.5. In
other words, hopefully through choosing the right sample
size to be tested at 95v for design B, we will have an 80%
chance of detecting the difference of the two B10 lives.
Statistically speaking, the requirement of planning the test is
that the detection probability must be at least 80% at a
confidence level of 90% when the ratio of the B10 lives of
the two designs is 1.5.
In section 2, we will illustrate the theory of determining
the minimal sample size based on the required detection
probability.
2 AN ANALYTICAL SOLUTION
2.1 Calculate the Variance of the B10 Life
The B10 life is the 90% percentile of the failure time
distribution. If we define x as the log transform of B10 life, it
can be calculated by:
ln ( − ln(0.9) )
− ln( K ) − n ln(V )
x=
β
(2)
−2.2504
=
− ln( K ) − n ln(V )

β

Using the delta method [4, 6], the variance of x is calculated
by:
2

3 ⎛
3
3
∂x ⎞
∂x ∂x
Var ( x) = ∑ ⎜
Cov(θi ,θ j ) (3)
⎟ Var (θi ) + ∑ ∑
∂
∂
θ
i =1 ⎝
i =1 j =1, j ≠ i θ i ∂θ j
i ⎠
where θi is model parameter β , K and n. Var (θi ) and

Cov(θi ,θ j ) are obtained from the Fisher information matrix
of the failure data [4, 6]. Once the predicted value of x and its
variance are obtained using Eq. (2) and (3), the confidence
bounds of x can be calculated by assuming that x is normally
distributed with the predicted mean and variance.
2.2 Calculate the Detection Probability
For the design A data in Table 1, the predicted B10 life at
70v is 1,063. Therefore its log transform is
xA=ln(B10)=ln(1,063)=6.9689. The calculated variance of xA
is 0.066, so the standard deviation std ( x A ) is 0.2571 by taking
the square root of the variance. xA usually is assumed to be
normally distributed. This assumption has been proven by
simulation studies and is used by [4, 5]. The one-sided upper
bound of xA is:
xUA = x A + ZCL =0.9 std ( x A ) = 7.2984;
where Z Cl = 0.9 is the 90% percentile of the standard normal
distribution.
If the B10 life of design B is 1.5 times the B10 life of
design A, the log of the B10 life will be xB=
xA+ln(1.5)=6.9689+0.4055=7.3744. In other words, the
predicted xB at 70v of design B will be a random number

following a normal distribution with mean of 7.3744. Its
standard deviation is determined by the test data at 120v
(Table 2) and 95v (to be tested). If the calculated xB is larger
than xUA the upper bound of xA at a confidence level of CL, we

total number of stresses;

conclude that the B10 life of design B is larger than design A
at a confidence level of CL. Therefore, we have detected the
difference of the B10 lives. The probability that the calculated
xB is larger than xUA is:

From Eq. (7), the Fisher information matrix for the test data in
terms of σ , α 0 and α1 is:

Detection Probability = Pr( xUA < x B ) = Pr(7.2984 < x B )
= Pr(

(4)

⎛ −0.076 ⎞
7.2984 − 7.3744
< z ) = 1 − Φ norm ⎜
≥ 0.8
B ⎟
std ( x B )
⎝ std ( x ) ⎠

where z is the standard normal random variable. Φ norm is the
cdf of the standard normal distribution. The calculated
detection probability should be larger than the required value
of 0.8. In order to meet this requirement, from Eq. (4) we
calculate that std ( x B ) must be less than 0.0903. This standard
deviation is used to determine the sample size at 95v for
design B.
2.3 Determine the Sample Size
2.3.1
Theory of Fisher Information Matrix
From the theory of Fisher information matrix, we know
the standard deviation of the estimated distribution parameters
and the function of them are affected by the test sample size.
Therefore, we can determine the sample size of the test at 90v
for design B based on the solved standard deviation in section
2.2. First, let’s discuss how the Fisher information matrix is
developed when maximum likelihood estimation is used.
It is known that if failure time t has a Weibull distribution
with parameters of β and η , the natural logarithm y=ln(t) of it
has a smallest extreme value (SEV) distribution. The cdf for
SEV is
( y − μ )/σ

F ( y ) = 1 − e− e

(5)

where μ = ln(η ); σ = 1/ β .
For convenience, the IPL life-stress function used in Eq. (1) is
re-parameterized as:
1
⇒ ln(ηV ) = − ln( K ) − n ln(V )
KV n
⇒ μV = α 0 + α1 S

ηV =

(6)

where μV = ln(ηV ) , − ln( K ) = α 0 , α1 = −n , S = ln(V ) .
Let z = ( y − μV ) / σ for failure times, and for the suspension
time, we define

⎛ ln(T ) − α 0 − α1 S ⎞
Φ sev ( w) = Φ sev ⎜
⎟
σ
⎝
⎠
where T is the suspension time. Φ sev is the cdf of the standard
SEV distribution. The log likelihood function is:
l

Ni

f

(

)

l

Nis

(

Λ = ∑∑ − ln(σ ) − e i , j + zi , j + ∑∑ ln 1 − Φ sev ( wi , j )
i =1 j =1

z

i =1 j =1

)

(7)

where zi , j is from the jth failure time at the ith stress; l is the
stress;

s

Ni

Ni

f

is the number of failures at the ith

is the number of suspensions at the ith stress; wi , j is

for the jth suspension time at the ith stress.
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For the calculation of each element in Eq. (7), please refer to
Appendix and [6]. The asymptotic covariance matrix of the
estimated distribution parameters is the inverse of the Fisher
information matrix in Eq. (8). That is,
Cov(σ , α 0 ) Cov(σ , α1 ) ⎤
⎡ Var (σ )
⎢
Var (α 0 )
Cov(α 0 , α1 ) ⎥⎥ = F −1 (9)
Σ = ⎢Cov(σ , α 0 )
⎢⎣ Cov(σ , α1 ) Cov(α 0 , α1 )
Var (α1 ) ⎥⎦

Calculate Fisher Information Matrix for Design B
2.3.2
For design B, since there are no test data at 95v yet, we cannot
estimate the model parameters and calculate the local Fisher
information based on failure data and the estimated
parameters. However, we can use the information from design
A to calculate the planning value of the model parameters for
design B. From the current test results, it is known the failure
mechanism under study is the same for both designs.
Therefore, we assume the IPL-Weibull model is also
applicable to design B, and β and n in the model are the
same for both designs. The difference of the life is only
reflected by parameter K. Since we are interested in the
situation where the B10 life of design B is 1.5 times the B10
life of design A, this leads us to set K for design B to be 1.5
times smaller than the K for design A. Therefore, using the
estimated parameters of design A in section 1.1, the planning
values for design B are:
β = 2.324 ; K B = K A / 1.5 = 1.75 E − 6 ; n = 1.1562 ,
or in terms of σ , α 0 and α1 :
σ = 0.4303 ; α 0 = 13.2547 ; α1 = −1.1562
Using the above planning values in Eq. (7) we can calculate
the Fisher information matrix for design B for the data in
Table 2. It is,
90.66 ⎤
⎡134.46 18.94
⎢
F120 = ⎢ 18.94 104.47 500.14 ⎥⎥
(10)
⎢⎣ 90.66 500.14 2394.40 ⎥⎦
F120 will be combined with F95 , the one we will discuss
shortly, to get the total Fisher information matrix. Since no
data were available yet for the test at 95v, we have to use the
expected Fisher information. For any test sample at 95v, it

would either fail or survive by the end of a test time of
T=5,000. Let
⎧1 if a test unit fails
I =⎨
⎩0 if a test unit survives
Then the log likelihood Λ j for the jth test unit at stress S is,

(

)

Λ j = I − ln(σ ) − e j + z j + (1 − I ) ln (1 − Φ sev ( w) )
z

(11)

For all the m test units, the log likelihood function is
m

Λ = ∑ Λ j . Since we don’t yet have observations at 95v, F95
j =1

is calculated using the planning model parameters and the
expected value of the derivatives in Eq. (8). For details of the
calculation, please see Eq. (A.2) in Appendix and [6]. The
expected Fisher information matrix for the m test units at 95v
is:
8.3957 ⎤
⎡8.7578 1.8436
⎢
F95 = m ⎢1.8436 5.2221 23.7808 ⎥⎥
(12)
⎣⎢8.3957 23.7808 108.2950 ⎦⎥
The total Fisher information matrix for design B is
F = F120 + F95
(13)
m is the only unknown in Eq. (13) and it can be solved by
setting the calculated standard deviation std ( x B ) to be equal
to 0.0903, the standard deviation value obtained based on the
required detection probability in section 2.2. The calculated
value of m is 114. When m=114, the total F is:
⎡1132.8444 229.1131 1047.7772 ⎤
F = ⎢⎢ 229.1131 699.7880 3211.1535 ⎥⎥
⎢⎣1047.7772 3211.1535 14740.0373⎥⎦
The variance and covariance matrix is
⎡ 0.0009 −0.0035 0.0007 ⎤
−1
Σ = F = ⎢⎢ −0.0035 4.3557 −0.9487 ⎥⎥
⎢⎣ 0.0007 −0.9487 0.2067 ⎥⎦
From Eq. (2), we know x B is calculated by
−2.2504
− ln( K ) − n ln(95)
xB =

β

= −2.2504σ + α 0 + α1 4.5539

Define L = (-2.2504, 1, 4.5539), the variance of x B and the
standard deviation std ( x B ) are calculated by
Var ( x B ) = L × Σ × L ' = 0.0081 ; std ( x B ) = Var ( x B ) = 0.0900

It confirms that the calculated std(xB) is less than the required
value of 0.0903 when 114 samples are tested. If we use 113
samples, the predicted standard deviation std(xB) is 0.9037
which is slightly larger than the required value. Therefore at
least 114 units should be tested at 95v for design B in order to
have an 80% chance of detecting the difference of the B10
lives.
3 A SIMULATION APPROACH
In section 2, an analytical solution was found for
determining the test sample size in order to meet the detection

probability requirement. In this section we will discuss a novel
simulation solution by generating the expected failure times at
95v. Similar to the assumptions used in section 2, we assume
the failure times at 95v follow a Weibull distribution with the
following planning values as given in section 2:
β = 2.324 ; K B = K A / 1.5 = 1.75 E − 6 ; n = 1.1562
From the above planning values, we can solve the scale
parameter η = 1/ ( KV n ) = 2950.1819 . Let’s assume m samples
are tested. When the ith failure occurs, the estimated
probability of failure using the approximated median rank
method is [6]:
Fi = ( i − 0.3) / (m + 0.4)
(14)
From Eq. (14) the expected failure time ti for the ith failure is
solved from:
β

(15)
Fi = 1 − e( i )
For example, when 10 samples are tested, the estimated
median rank for the 1st failure is:
F1 = (1 − 0.3) / (10 + 0.4) = 0.0673
Setting Eq. (15) equal to 0.0673, the expected failure time for
the 1st failure of the 10 samples is calculated to be 937.6604
using the planning values for β and η . With the calculated
failure time for each failure from Eq. (15) and the planning
values for model parameters, we can get the Fisher
information matrix, variance/covariance matrix and the
expected standard deviation for the B10 life. If the calculated
standard deviation is bigger than the required value, we need
to repeat the above procedure by increasing the sample size
until the one that meets the requirement is found.
From Section 2, we know the analytical solution for the
sample size is 114. Using the above simulation procedure with
a sample size of 114, we can find the expected failure time for
each sample using Eq.(15). Since the available test time is
5,000 hours, any failures occur beyond 5,000 are treated as
suspension. The expected failure times of the 114 samples are
given in Table 3.
t η

Sample

Median Rank

Expected
Failure Time

Failure
/Suspension

1

0.0061

329.6411

F

2

0.0149

483.8150

F

3

0.0236

591.5095

F

4

0.0323

678.7011

F

5

0.0411

753.7494

F

6

0.0498

820.5871

F

7

0.0586

881.4279

F

8

0.0673

937.6604

F

…

…

…

…

113

0.9851

5,000

S

114

0.9939

5,000

S

Table 3- Expected Results of 114 Test Samples for Design B at
95v
Using the data in Table 3 and the planning parameters given in
section 2.3.2 in terms of σ , α 0 and α1 we got the expected
Fisher information matrix

⎡993.3886 206.4769 940.2706 ⎤
F95 = ⎢⎢ 206.4769 593.7927 2704.0588⎥⎥
(16)
⎢⎣940.2706 2704.0588 1231.9508 ⎥⎦
Comparing Eq. (16) with the analytical solution of Eq. (12) by
setting m=114, the relative differences for all the elements in
these two matrixes can be calculated as:
⎡0.38% 0.89% 0.89% ⎤
DFisher _ 95 = ⎢⎢0.89% 0.63% 0.63% ⎥⎥
(17)
⎢⎣0.89% 0.63% 0.63% ⎥⎦
From Eq. (17) it can be seen that the simulation approach for
obtaining expected failure times provides a result that is very
close to the analytical solution given in section 2. Similar to
the analytical solution, we can get the expected value of the
total Fisher information matrix by combining Eq. (10) and Eq.
(16). From here the expected variance/covariance matrix can
be calculated and the expected value of std(xB) is calculated to
be 0.08998. This result is almost identical to the analytical
solution of 0.0900.
Therefore, both the analytical and the simulation methods
suggest that at least 114 samples should be tested at 95v for
design B in order to have an 80% chance of detecting the
difference of the B10 lives of design A and design B.

⎛ g j gk ⎞
∂2Λ
= ⎜ − 2 ⎟ ⎡⎣ Ie z + (1 − I )e w ⎤⎦ ; j , k = 0,1
∂α j ∂α k ⎝ σ ⎠
⎛ gj ⎞
∂2Λ
z
w
= ⎜−
⎟ ⎡ Ize + (1 − I ) we ⎤⎦ ; j = 0,1
∂α j ∂σ ⎝ σ 2 ⎠ ⎣
∂2Λ ⎛ 1 ⎞ ⎡
I 1 + z 2 e z + (1 − I ) w2 e w ⎤
= −
⎦
∂σ 2 ⎜⎝ σ 2 ⎟⎠ ⎣

(

5 APPENDIX
From Eq. (11), the six second partial derivatives in the
Fisher information matrix are:

)

where g 0 = 1 , g1 = S = ln(V ) , and
ln(T ) − α 0 − α1 S
w=
σ
For an observation, either it is a failure or a suspension, Eq.
(A.1) can be applied directly by setting I=1 or 0. It is used to
get the Fisher information matrix for data at 120v and the
simulated failure data at 95v in the simulation method for
design B.
If there are no observations yet, the expected Fisher
information matrix can be calculated by taking the expectation
of the terms in Eq. (A.1). They are:
⎡ ∂ 2 Λ ⎤ ⎛ g j gk ⎞
E⎢
⎥ = ⎜ − 2 ⎟ [ Φ sev (w)] ;
⎢⎣ ∂α j ∂α k ⎥⎦ ⎝ σ ⎠
⎡ ∂2 Λ ⎤ ⎛ g j
E⎢
⎥ = ⎜− 2
⎢⎣ ∂α j ∂σ ⎥⎦ ⎝ σ

4 CONCLUSIONS
In this paper, we presented two methods for determining
sample size according to the required detection probability of
an accelerated life test for comparing two designs. An
example is used to illustrate the theory of these two methods.
Although part of the test data (test at 120v) of design B and all
the test data of design A have been given in this example, the
proposed method can be applied to cases where no data are
available. As long as the planning values and the detection
probability are provided and the improved design is expected
to have the same failure mechanisms as the old design, the
methods presented in this paper can be applied. Any unknown
variable in the test plan such as the stress level, sample size at
each stress level, and the test time can be solved given that
other variables are provided. The analytical solution provided
in this paper requires numerically solving the expected Fisher
information matrix. For engineers with a strong math
background, this method may be faster than the simulation
method since no trial and error is required to find the suitable
sample size. With the simulation method, once the failure
times are simulated, the Fisher information matrix can be
easily calculated using equations given in the Appendix.
Because this is a very straightforward method, it will often be
easier than the analytical method for engineers to understand
and use.

(A.1)

j, k = 0,1

⎞ ⎡ ew
w⎤
−x
⎟ ⎢ ∫0 ln( x) xe dx + (1 − Φ sev (w) ) we ⎥ ;
⎦
⎠⎣
j = 0,1

ew
⎡ ∂2 Λ ⎤ ⎛ 1 ⎞ ⎡
⎤
E ⎢ 2 ⎥ = ⎜ − 2 ⎟ ⎢Φ sev (w) + ∫ ln 2 ( x) xe− x dx + (1 − Φ sev (w) ) w2 ew ⎥
0
∂
σ
σ
⎣
⎦
⎝
⎠
⎣
⎦

(A.2)
Eq. (A.2) is used to calculate the expected Fisher information
matrix for the planned samples at 95v for design B in the
analytical method.
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