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SUMMARY & CONCLUSIONS
Warranty prediction is a very important task in reliability
engineering. It needs to estimate the expected number of
failures in any given time period during the length of the
warranty contract. Several commercial software packages
have been already implemented and used in the industry,
including Minitab and Weibull++. The time to failure is
usually selected to be a Weibull distribution and no
technology improvement in the manufacturing process or in
the product design is assumed. This paper introduces a new
mathematical model which provides the requested predictions
under much more general conditions.
It is very common that the design and the manufacturing
process of an item will change to fix issues discovered in the
field. These changes will result in the change of the failure
behavior which is often modeled by a time to failure
distribution such as Weibull. In our model we consider a
manufacturing plant producing identical items in given
numbers during each time period. They are subject to possible
failures in any later time period after they are produced and
the replacements also can fail later as newly produced items.
It is assumed that at a given later time, the technology
changes so the time to failure distribution also changes, and all
items which are replaced or produced from this time period
will follow the new time to failure distribution. In order to
plan appropriate inventory strategy it is necessary to predict
the expected total number of failures in every time period
during the considered warranty time interval. In computing the
total number of failures the cumulative effect of the failures of
new items as well as those of their possible replacements have
to be considered and taken into account.
A mathematical model is first introduced, where, for the
sake of simplicity, it is assumed that after introducing the new
technology the produced or replaced items will no longer fail.
The general case can be, however, considered and solved in a
similar way.
In addition to an analytic solution methodology a
simulation study is presented. The Weibull distribution is used
in the numerical example, however, it can be replaced with
any other distribution type.
It is demonstrated that the usual prediction method can be

successfully extended into cases when the improvement of the
production technology changes the distribution of the time to
failure, and therefore the probabilistic properties of all items
produced or replaced after this change are also changed. The
expectation of the cumulative number of failures in each time
period provides important help in finding the most appropriate
inventory strategies leading to significant savings in inventory
cost as well as in the cost of delayed services.
1 INTRODUCTION
Finding appropriate maintenance and replacement
policies is one of most important issues in reliability
engineering discussed in a wide range of literature; for
example [1], [2], [3], [4], [5], [6] among others. In order to
make optimal, or at least, acceptable maintenance planning
decisions, the expected number of failures should be
estimated. In many cases, there are simple mathematical
models for this estimation. For example, if minimal repair is
made, then the expected number of failures in any time
interval [𝑡𝑡1 , 𝑡𝑡2 ) is
𝑡𝑡2

𝑀𝑀(𝑡𝑡1 , 𝑡𝑡2 ) = � 𝜌𝜌(𝑡𝑡)𝑑𝑑𝑑𝑑
𝑡𝑡1

(1)

where 𝜌𝜌(𝑡𝑡) is the failure rate. If failure replacement is
performed at each failure, then 𝑀𝑀(0, 𝑡𝑡) satisfies the integral
equation.
𝑡𝑡

𝑀𝑀(0, 𝑡𝑡) = 𝐹𝐹(𝑡𝑡) + � 𝑀𝑀(0, 𝑡𝑡 − 𝑠𝑠)𝑓𝑓(𝑠𝑠)𝑑𝑑𝑑𝑑
0

(2)

where 𝐹𝐹(𝑡𝑡) and 𝑓𝑓(𝑡𝑡) are the CDF and pdf of time to failure,
respectively.
In many manufacturing facilities, the problem might
become much more complicated, since technology changes
rapidly and therefore the time to failure distribution also
changes.
In this paper we make the first attempt to deal with this
issue with special assumptions, which will then help the
researchers to address more complex situations such as
warranty prediction with multiple design changes.

2 PROBLEM DESCRIPTION

equals

Consider a manufacturing facility producing identical
items with a known distribution of time to failure 𝐹𝐹(𝑡𝑡). In the
case of a failure, the item is replaced by a new one. Discrete
time scale is considered, 𝑡𝑡 = 0,1,2, … and the time intervals
are indexed as 0 for [0,1), 1 for [1,2), and so on.
Assume that 𝑁𝑁𝑘𝑘 items are produced in interval 𝑘𝑘, and for
the sake of simplicity it is assumed that they are produced at
the beginning of this time interval, and if a failure occurs
during an interval, then it is replaced at the end of that
interval. From time 𝑇𝑇, a new technology will be used to fix a
discovered issue. Any item produced or replaced at time 𝑇𝑇 or
after will have no breakdowns afterwards, if the fix is
perfected. If the fix is not perfect, a new failure time
distribution should be used for items produced after time T.
Time T sometimes is called the clean point.
The problem, then, is to find the expected number of
failures in any interval [𝑡𝑡, 𝑡𝑡 + 1), so that the future
maintenance schedules and/or inventory can be planned in
advance, and spare parts or completed items can be ordered
optimally.
3 MATHEMATICAL MODEL
Consider first an item which is produced at the beginning
of time interval 𝑘𝑘 = [𝑘𝑘, 𝑘𝑘 + 1) and consider a later interval,
𝑡𝑡 = [𝑡𝑡, 𝑡𝑡 + 1). For the sake of simplicity we assume that at
most one failure of this item occurs at any time interval, the
more general case where many items can be replaced in time
interval k can be handled by including the 𝑀𝑀(𝑡𝑡, 𝑡𝑡 + 1) values
as multipliers. Let 𝑃𝑃(𝑡𝑡, 𝑘𝑘) denote the probability that the item
produced at the beginning of interval 𝑘𝑘 will have a failure in
interval 𝑡𝑡. Clearly, 𝑃𝑃(𝑡𝑡, 𝑘𝑘) = 0 for 𝑡𝑡 < 𝑘𝑘.
We will also use the simplifying notation 𝐹𝐹𝑗𝑗𝑗𝑗 = 𝐹𝐹(𝑗𝑗) −
𝐹𝐹(𝑖𝑖) for 𝑖𝑖 ≤ 𝑗𝑗.
Assume first that 𝑘𝑘 ≤ 𝑡𝑡 ≤ 𝑇𝑇. Obviously
(3)
𝑃𝑃(𝑘𝑘, 𝑘𝑘) = 𝐹𝐹(1) − 𝐹𝐹(0) = 𝐹𝐹1,0
similarly,

𝑃𝑃(𝑘𝑘 + 1, 𝑘𝑘) = 𝐹𝐹2,1 + 𝑃𝑃(𝑘𝑘, 𝑘𝑘)𝐹𝐹1,0

(4)

depending on the condition, if the first failure occurs in
interval 𝑘𝑘 + 1 or in interval 𝑘𝑘. In the same way we can see
that
𝑃𝑃(𝑘𝑘 + 2, 𝑘𝑘) = 𝐹𝐹3,2 + 𝑃𝑃(𝑘𝑘, 𝑘𝑘)𝐹𝐹2,1 + 𝑃𝑃(𝑘𝑘 + 1, 𝑘𝑘)𝐹𝐹1,0 (5)

The first term refers to the case when first failure occurs
in interval 𝑘𝑘 + 2, the second term when it occurs in interval 𝑘𝑘
and no more failures until interval 𝑘𝑘 + 2 and the last term
shows the case when failure occurs in the previous interval
𝑘𝑘 + 1. Using the same idea we can show that in general
𝑃𝑃(𝑡𝑡, 𝑘𝑘) = 𝐹𝐹𝑡𝑡−𝑘𝑘+1,𝑡𝑡−𝑘𝑘 +
𝑡𝑡−2

� 𝑃𝑃(𝑙𝑙, 𝑘𝑘)𝐹𝐹𝑡𝑡−𝑙𝑙,𝑡𝑡−𝑙𝑙−1 + 𝑃𝑃(𝑡𝑡 − 1, 𝑘𝑘)𝐹𝐹1,0
𝑙𝑙=𝑘𝑘

(6)

It is also an interesting question to find the probability
that failure occurs in interval 𝑡𝑡 < 𝑇𝑇 and no more failure will
occur afterwards. It is very easy to see that this probability

𝐵𝐵(𝑡𝑡, 𝑘𝑘) = 𝑃𝑃(𝑡𝑡, 𝑘𝑘)�1 − 𝐹𝐹𝑇𝑇−𝑡𝑡−1,0 �

(7)

where the second factor is the probability that no failure
occurs between time 𝑡𝑡 + 1 and 𝑇𝑇.
Assume next that 𝑡𝑡 > 𝑇𝑇, then
𝑇𝑇−1

𝑃𝑃(𝑡𝑡, 𝑘𝑘) = 𝐹𝐹𝑡𝑡−𝑘𝑘+1,𝑡𝑡−𝑘𝑘 + � 𝑃𝑃(𝑙𝑙, 𝑘𝑘)𝐹𝐹𝑡𝑡−𝑙𝑙,𝑡𝑡−𝑙𝑙−1
𝑙𝑙=𝑘𝑘

(8)

since the last failure before time 𝑇𝑇 can be in intervals 𝑘𝑘, 𝑘𝑘 +
1, … , 𝑇𝑇 − 1.
And finally, if 𝑘𝑘 ≥ 𝑇𝑇, then the item is produced with new
technology, so no failure will occur if the fix is perfect,
implying that 𝑃𝑃(𝑡𝑡, 𝑘𝑘) = 0. Otherwise, a new failure time
distribution should be used to calculate 𝑃𝑃(𝑡𝑡, 𝑘𝑘) and 𝐹𝐹𝑗𝑗𝑗𝑗 for
items produced after 𝑇𝑇.
In the previous derivation we computed the probabilities
that an item produced at the beginning of interval 𝑘𝑘 will break
down in intervals 𝑘𝑘, 𝑘𝑘 + 1, 𝑘𝑘 + 2, … , 𝑇𝑇 − 1, 𝑇𝑇, … The
manufacturing facility produces 𝑁𝑁𝑘𝑘 items at the beginning of
each time period 𝑘𝑘. They will never break down if 𝑘𝑘 ≧ 𝑇𝑇, and
the probability of break down is computed above for each of
these items in all future intervals 𝑘𝑘, 𝑘𝑘 + 1, … Therefore the
expected number of failures in any interval 𝑡𝑡 = [𝑡𝑡, 𝑡𝑡 + 1) is
obtained by the simple formula for expectation:
𝑇𝑇−1

𝑀𝑀(𝑡𝑡, 𝑡𝑡 + 1) = � 𝑁𝑁𝑘𝑘 𝑃𝑃(𝑡𝑡, 𝑘𝑘)
𝑘𝑘=0

(9)

Notice that if 𝑘𝑘 ≧ 𝑇𝑇, then no failures occur due to the new
technology. In general
𝑡𝑡+𝑛𝑛−1

𝑀𝑀(𝑡𝑡, 𝑡𝑡 + 𝑛𝑛) = � 𝑀𝑀(𝑙𝑙, 𝑙𝑙 + 1)
𝑙𝑙=𝑡𝑡

gives the expected number of failures in any interval.

(10)

4 CASE STUDY
The analytical methodology found earlier in this paper
can be solved using event based simulation. The simulation
results can be used to validate the proposed analytical method
in this paper.
For the simulations we considered two cases, one in
which the new design can fail, and one in which the new
design cannot fail.
All events generated during the simulations were based on
the following models and assumptions:
1. 100 items are produced and put into service during each
time interval. In this case each interval represents one
month.
2. All replacements are performed at the end of the interval
in which the failure occurs.
3. The initial failure distribution is assumed to be a 2parameter Weibull with a β = 1.5 and η = 1460 hours.
4. The new technology is available after the 6th interval,
where the parameters of the failure distribution change to
β = 1.5 and η = 2920 hours for the case when the new
design can fail.

Expected Number of
Replacements

In both cases, we were interested in two statistics. The
first statistic is the expected number of failures during each
time interval. Figure 1 shows the expected number of failures
when the new design can still fail, while Figure 2 shows the
expected number of failures when the new design cannot fail.
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Figure 3. Expected number of replacements for items
produced in the given interval when the new design can fail.
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Figure 1. Expected number of failures during each interval when the
new design can fail.
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Figure 4. Expected number of replacements for items
produced in the given interval when the new design cannot
fail.
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